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Complex scaling applied ex post to real-scaled Hermitian energy spectrum
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I consider a finite basis set problem, where Hamiltonian is scaled through a coordinate, such that
H(x)→ H(xeη) and η is a free parameter. The famous method of complex scaling is obtained for η
imaginary, while the so called stationary graph is obtained for η real defined. I focus on an occurrence
of exceptional points (EPs) in the complex plane of η due to the interaction between quasi-stationary
states (resonances) and quasi-continuum states. The EPs mark a transition between adiabatic and
diabatic representations of these interacting states. The complex resonance energy gets stabilized
only as Im η is large. That is, not in the vicinity of one EP, but in an area where many remote EPs
contribute. This can be taken into account by constructing a diabatic Hamiltonian for a common
neighborhood of several EPs using small Hamiltonians valid at individual EPs proximities. Such a
Hamiltonian imitates the spectrum of the original complex scaled Hamiltonian.
I. INTRODUCTION
Resonances represent metastable states, whose
wavefunctions, in addition to the captured part,
also include an outgoing wave. Due to their insta-
bility, their norms follow the first order kinetics,
which inherently brings about an exponential di-
vergence of the outgoing part of the wavefunction
and a complex energy eigenvalue [1]. Apparently,
resonances do not belong onto the L2 space there-
fore it is not possible to find them among the so-
lutions obtained when using L2 basis sets.
A number of methods are currently available to
calculate the resonances of atoms and molecules
(auto-ionizing states); the articles cited below rep-
resent only a small fraction of the literature on
the subject, mentioned are mainly the pioneer-
ing works. The first type of the methods are
based on a complex scaling of basis sets (or in-
terchangeably Hamiltonian), which transforms the
resonances onto the L2 space [2, 3]. Related is the
exterior complex scaling [4–7]. These methods in-
evitably lead to the solution of a non-Hermitian
Hamiltonian.
Widely used are also stabilization methods, the
basic advantage of which is that they do not re-
quire the direct diagonalization of a non-Hermitian
Hamiltonian. Resonances are derived from the
Hermitian quasi-continuum, specifically from a
stabilization graph, which is represented by po-
tential energy curves obtained as the problem is
parametrized in various ways, e.g. real scaling of
the basis set [8–10], or adding a binding poten-
tial [11–13]. Complex resonance energies are ob-
tained via extrapolation of the free parameter to
complex plane.
A widespread method for its relatively simple
implementation to quantum chemistry packages is
the complex absorbing potential, where an imagi-
nary potential term is added to the Hamiltonian to
enforce the outgoing boundary condition [14–17].
Apart of these three types of methods, there are
also approaches based on projection operators [18],
scattering theory [19–22], or Siegert state expan-
sion [23] available to calculate resonances.
In Section II, I discuss a common logic connect-
ing the stabilization graph, complex coordinate
scaling, and complex absorbing potential.
In Section III, the stabilization method is dis-
cussed in more detail. It is known that the avoided
crossings are associated with exceptional points
(EPs) in the complex energy plane [10]. These EPs
are demonstrated here for a one-dimensional model
potential solved in the basis set of box states. I
suggest that these EPs define a boundary between
the adiabatic and diabatic regimes for the coupling
between the resonance and quasi-continuum states.
In Section IV, a method to construct a diabatic
Hamiltonian for a set of avoided crossings is pro-
posed, where the energy of the quasi-continuum
states depends exponentially on the box size. As
this Hamiltonian is complex scaled, it provides
complex energies which are very similar to the re-
sult obtained if the complex scaling method is ap-
plied directly.
II. METHODS BASED ON A SCALING OF
THE BOX SIZE
Let me start with a discussion of logical connec-
tions between the methods of complex scaling, sta-
bilization graph, and complex absorbing potential.
First, the idea of the stabilization method is
achieving a variable box size, for which different
strategies are used. The most straighforward way
is represented by scaling a finite basis set {χ(x)}
directly (for a reason that will be explained later
we choose the exponential form of the scaling pa-
rameter), {χ(x)} → {χ(xe−η)}, η ∈ ℜ. The box
size is defined indirectly by the finite phase space,
which is associated with the L2 basis set used, and
effectively varied by the scaling. Adding a binding
potential to the physical Hamiltonian has the same
effect. For example, a binding Coulomb term was
added to an electronic Hamiltonian to get stabi-
lization graphs for molecules [12]; namely, the ion-
ized states in the true system were replaced by the
2Coulomb states of the added Coulomb cone (func-
tioning as the “box”) and as the artificial “charge”
was varied, the width of the Coulomb cone (the
“box”) has been effectively changed.
The real scaling of the basis set turns to com-
plex scaling of the Hamiltonian if only the param-
eter η is taken imaginary. This is the basic idea of
the stabilization method; an analytical continua-
tion of energy to complex plane of η is usually done
using Pade´ approximants. If the real potential is
added, the principle of analytical continuation is
applicable supposed a removal of the non-physical
potential via extrapolation.
In the complex absorbing potential method, an
imaginary term (−iV (x), V (x) > 0) is added near
edges of the phase-space area covered by the ba-
sis set (x > x0). This idea, based on quantum
dynamics, is that the imaginary term suppresses
outgoing wavefunctions; resonances, including out-
going but not incomming wave, thus become part
of the L2 space. One can find here a connec-
tion to the coordinate scaling, too. Let me give
an example of adding a real quadratic barrier,
V (x > x0) = η
2(x − x0)2. A variation of η repre-
sents a real scaling of the outer part of the basis set,
namely for x > x0, and would allow for a construc-
tion of a stabilization graph. The complex absorb-
ing potential is obtained as η2 is analytically con-
tinued to complex plane such that η2 → −|η|2√i.
III. DECOUPLING OF A RESONANCE
AND QUASI-CONTINUUM AT AN
EXCEPTIONAL POINT
Energy spectrum using any type of scalable box
size allows one to distinguish between different
types of energy levels which are among the states of
quasi-continuum. But let me start with the bound
states by pointing out that their energies are not
affected by the scaling parameter, as one scales
only the outer box but not the inner (e.g. nuclear)
potential. The first type of the quasi-continuum
states are the quasi-free states, where the parti-
cle is out of the physical potential. The quasi-free
spectrum obviously depends on the box size. The
second type of the quasi-continuum states are the
quasi-bound states, where the particle is temporar-
ily trapped in the physical potential, however, it
might be released via the tunneling phenomenon
or others. Now, the presence of the outer box cre-
ates an artificial situation where the quasi-bound
particle is forced to stay bound, unless there exists
a quasi-free state with a similar energy to which it
can couple. Such a situation is intentionally cre-
ated by varying the scaling parameter (whether η,
or the charge in the case of an additional Coulomb
potential, etc.). The obtained picture is of course
the stabilization graph, where the spectrum is plot-
ted in the form of potential energy curves as func-
tions of the scaling parameter. The graph includes
regions of stability, where the quasi-bound state
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FIG. 1. Model one-dimensional potential, Eq. 1, used
for present demonstrations, supports bound states and
resonances shown by the energy levels.
appears as a constant energy curve, disrupted by
avoided crossings as a quasi-free state approaches
its energy.
Let me introduce a simple example to illus-
trate the ideas just mentioned – a one-dimensional
model potential,
V = −v0 e
−
x
2
σ2
0 + v1
[
e
−
(x−x0)
2
σ2
1 + e
−
(x+x0)
2
σ2
1
]
, (1)
where v0 = 7.1 a.u., v1 = 4.5 a.u., σ0 = 4 a.u.,
σ1 = 2 a.u., which supports bound states and
shape-type resonances, Fig. 1. By scaling the basis
set with the real scaling parameter exp(−η), which
is here represented by the box states
χn(x; η) = L
−1/2
η sin
(
x+ Lη
2Lη
nπ
)
, Lη = L0 e
η,
(2)
one obtains the stabilization graph shown in Fig. 2.
Formally, the complex scaling method corre-
sponds to taking an imaginary value of the scal-
ing parameter η. It is thus basic to understand
what happens to the spectrum as η is taken to
the complex plane. It is known since the stabiliza-
tion method has been proposed that each avoided
crossing on the real axis is associated with an ex-
ceptional (branching) point singularity (EP) in the
complex plane, see Ref. [10]. Two selected avoided
crossings and EPs are demonstrated for our model
in Fig. 3. EPs often indicate a boundary between
different qualitative modes of the system stud-
ied [24–26]. The present case is no different. Before
reaching an EP, we find avoided crossings created
due to mixing of two adiabatic states, but after the
EP there are two diabatic-like states crossing each
other, where one is clearly the resonance while the
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FIG. 2. (a) Stabilization graph near the energy of the
first resonace Er = 1.5388 a.u.. These results are based
on the box size of L0 = 50 a.u. and the number of ba-
sis functions max(n) = 500, Eq. 2. (b) Non-adiabatic
coupling elements 〈ψ1|d/dη|ψ2〉 corresponding to the
avoided crossings. Nc(η) are later used in a diabatiza-
tion procedure to construct 2×2 diabatic Hamiltonians
corresponding to the avoided crossings.
other is a detached quasi-bound state. Apparently,
the EP is associated with a adiabatic to diabatic
spectral transition, which takes place in the com-
plex plane of the scaling parameter η.
IV. COMPLEX SCALING APPLIED EX
POST TO HERMITIAN SPECTRUM
A. Basic assumptions
In the second part of the article I will show how all
this can be used to calculate the complex resonance
energy. The method starts from the stabilization
diagram. First note that the avoided crossings are
relatively far apart, so that in a good approxima-
tion a contribution of only two states can be as-
sumed.
Another important observation is that the EPs
are located relatively near the real axis (the value
of Imη to find the EP is in fact an order of mag-
nitude smaller then values of the same quantity
where the resonance width has converged to Γ
(see Fig. 3b)). Thus the first premise of the new
method is that the avoided crossing of the real
energies belongs to the immediate vicinity of the
near EP; the EP determines the parameters of the
avoided crossing and vice versa these parameters
can be used to determine the EP.
As discussed above, the complex resonance en-
ergy is found on the opposite side of the EP. Not
only that, but even at a relatively large distance
from it (see Fig. 3b). Two things are learnt from
this circumstance. First, it is necessary to correctly
design the dependence of the quasi-continuum en-
ergy on the scaling parameter η. For example, if a
linear dependence was used as the simplest option,
FIG. 3. Illustration of the analytical continuation of
the real scaling parameter to the complex plane. As
an imaginary part is added to the scaling parameter η,
the energy splitting at the avoided crossings becomes
smaller. This trend continues until the corresponding
exceptional points (EP(1), EP(2)) are reached. Beyond
the EPs, the avoided crossings are no more present,
instead, the real parts of the energy surfaces for the
resonance and quasi-continuum cross each other. This
phenomenon can be interpreted as a natural diabati-
zation at the exceptional point. The imaginary part of
resonance energy Eres is stabilized far in the complex
plane of η (note the logaritmic scaling of Im η), where
it corresponds to the physical resonance width Γ.
a linear decrease of the resonance width instead
of its stabilization with Imη would be the wrong
result. Second, the area where the complex res-
onance energy is stabilized is so distant that the
widths of the continuum states far exceed the sep-
arations of the EPs; thus the area belongs to the
common neighborhood and influence of a number
of EPs.
B. From avoided crossings to EPs
Avoided crossings are found in the stabilization di-
agram for certain real values of η = {ηc1, ηc2, ...}.
Clearly, a diabatic crossing (when no coupling is
present) would occur exactly at the point where
the energies of the resonance Er and the box state
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FIG. 4. Energy splittings δc for the avoided crossings
defined by their positions η = ηc in the stabilization
graph. The energy splittings converge to the resonance
energy width Γ = 3.14× 10−4 a.u. in the limit η →∞.
Eη are equal. A diabatic Hamiltonian near the
avoided crossing reads such as
H =
[
Er δ
δ Eη
]
. (3)
By using a standard diabatization procedure, it
is easy to fit a particular problem to this formula,
where it is found that Eη dependence on η is nearly
linear:
Eη = Er − a · (η − ηc), (4)
whereas the other parameters Er and δ are more
or less constant within the range of the crossing.
The solutions of the diabatic Hamiltonian, Eq. 3,
are given by
ǫ± = Er +
Eη − Er
2

1±
√
1 +
(
δ
Eη − Er
)2 .
(5)
Clearly, the potential curves are at the closest at-
tachment on the real axis for Eη = Er, where
(ǫ+ − ǫ−) |η=ηc = δ. (6)
The exceptional point occurs for complex η = ηEP ,
where
Eη − Er = −iδ, (7)
from where the degenerate complex energy is given
by
ǫ±|η=ηEP = Er −
iδ
2
. (8)
C. Dependence of quasi-continuum on the
axis scaling parameter η
As long as the box is small, we find out distinct
avoided crossings in the stabilization graph, where
the resonance state is represented by a nearly con-
stant (real defined) energy Er. On the other hand,
the intersecting curve of Eη, which is decreasing
with η, represents a particle freely moving outside
of the potential, within the box. We find the de-
pendence on η using the Schro¨edinger free particle
equation:
− ~
2
2µ
∂2
∂x2
ψ(x) = E0ψ(x), (9)
where upon the scaling the wavefunction is
changed such as ψ(x) → ψ(xeη). Expectably,
this would also bring about the energy change,
E → Eη:
− ~
2
2µ
∂2
∂x2
ψ(xeη) = Eηψ(xe
η). (10)
By changing the variable x′ = xeη we get:
− ~
2
2µ
∂2
∂x′2
ψ(x′) = e2ηEηψ(x
′). (11)
By comparing Eqs. 9 and 11 we get the depen-
dence of the free particle states upon the scaling
parameter,
Eη = E0 e
−2η. (12)
To match the dependence of Eq. 4 with that of
Eq. 12 as close as possible, I make use of the ap-
proximation
Eη = Er
[
1− a
Er
(η − ηc)
]
≈ Er e−
a
Er
(η−ηc).
(13)
As one would find empirically, the exponent a/Er
is not given exactly by 2, see Fig. 5, calling into
question the validity of Eq. 12. This discrepancy
is perhaps explained by the influence of non-zero
potential even if the particle is moving outside of
the potential trap, which is the case especially if
the box is small (small values of ηc).
D. Cooperate remote behavior of exceptional
points
As discussed earlier, the EPs are located near the
real axis of the scaling parameter η and thus they
can be determined by using the avoided crossings
in the stabilization graph. To find the complex
resonance energies, however, it is necessary to ex-
plore the behavior of the complex energies beyond
the EPs, far in the complex plane of the scaling
parameter η.
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FIG. 5. Resonance and quasi-continuum states are di-
abatized at the avoided crossings, such that they cross
for ηc. The diabatic quasi-continuum energy Eη is
given by a linear curve in η with the slope of ac in
the short interval of the avoided crossing. However,
the long range behavior of the quasi-continuum en-
ergy is exponential such that Eη ∝ exp(−2η), which
applies in the limite of the infinite box size. This
plot shows that the actual exponent at the avoided
crossings is larger then the limiting value of 2, Eη ∝
exp[−ac/Er(ηc) · (η − ηc)].
Let me remind now that some stabilization
methods rely on a very precise and fine fitting of
the region near a single EP to get a good approxi-
mation for the distant regions where the resonance
energy gets stabilized [10]. Some other works rely
on a fine fitting of the region between the avoided
crossings. As one can see in Fig. 3 that both ap-
proaches are justified due to the principle of ana-
lytical continuation.
Here we introduce a different approach. While
it is based on a physically justified dependence for
the diabatic states near avoided crossings, Eq. 13,
the analytical form is too simple to suffice for an
application of the analytical continuation princi-
ple.
Clearly, as η is taken into complex plane, the
width of the quasi-continuum states is increased,
Eq. 13. One can view these states (taken to
the complex plane), as a number of energy inter-
vals which overlap. In this picture, many quasi-
continuum states overlap near the resonance en-
ergy Er, and therefore are bound to have some
contributions to the resonance. In order to take
into account more states of the quasi-continuum,
it is possible to construct the diabatic Hamiltonian
for several avoided crossings as a single matrix
H(η) =

Er(Reη) δc1 . . . δcn
δc1 Er1 e
−
ac1
Er1
(η−ηc1)
. . . . . .
δcn Ern e
−
acn
Ern
(η−ηcn)

 ,
(14)
0 2 4
-0.3
-0.2
-0.1
0
FIG. 6. This is the spectrum of the Hamiltonian con-
structed from several avoided crossings on the stabi-
lization graph (’×’), where the complex scaling was ap-
plied ex post to the quasi-continuum states, see Hamil-
tonian in Eq. 14, η = 0.025i. It is compared with the
calculation where the complex scaling was applied di-
rectly to the x-axis in the Hamiltonian (’•’). The same
basis sets were used for both calculations.
which is based on the 2×2 diabatic Hamiltonians
for the individual avoided crossings on the real axis
(Eqs. 3 and 13). The spectrum of the Hamilto-
nian H(η) corresponds to that of the usual com-
plex scaled Hamiltonian, see Fig. 6. The difference
is that now only one resonance is obtained in the
non-Hermitian spectrum. This method can be un-
derstood as a complex scaling applied onto the real
spectrum, i.e. ex post the Hermitian calculation.
A sufficient number of the quasi-continuum
states must be included in Eq. 14 to accurately re-
produce the resonance energy. The plots in Fig. 7
show how the resonance energy is changed as the
quasi-continuum states are added one by one start-
ing from the avoided crossing for the smallest size
of the box L ≈ 20 a.u. up to the largest box of
L ≈ 130 a.u., which correspond to the interval of
the scaling parameter −1 < ηc < 1.
The most significant change of the result occurs
when the states participating on the avoided cross-
ings for the box size of L ≈ 50 a.u. are included,
Fig. 7. This value corresponds to the box size when
no scaling is used, η = 0. These particular states
participate on the EPs which are the nearest to
the calculated point in the complex plane, which
is defined by η = 0.01i.
A stabilization of the resonance energy with the
increasing complex scaling parameter θ ≡ −iη is
demonstrated in Fig. 8, where it is compared with
the result of the usual complex scaling method for
the same box size (L = 50 a.u.) and basis set
(N = 500).
Notably, the error of the resonance width (imagi-
nary value of its complex energy) linearly increases
with θ where it should be stabilized according to
the benchmark calculation. This is a convergence
problem, where for larger values of θ, a larger size
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FIG. 7. Dependence of the resonance energy on the
size of the Hamiltonian (Eq. 14, η = 0.01i), as the
contributions of subsequent EPs (which correspond to
the avoided crossings in the stabilization graph) are
added. The horizontal axis shows the box size at which
the EP, which was added, is found. So the first point
has been obtained for a 2×2 Hamiltonian using one EP
(Lc = 19.3 a.u.), the second for a 3 × 3 Hamiltonian
using 2 EPs (Lc1 = 19.3 a.u., Lc2 = 21.1 a.u.), etc..
of the diabatic Hamiltonian is required, namely it
is necessary to include more avoided crossings cor-
responding to large values of ηc.
The real part of the resonance energy is stabi-
lized for large values of θ, however it includes a
constant error. This error is decreased as more
quasi-continuum states are added for the large box
sizes. This indicates that also this error is a matter
of convergence.
Should a full convergence be obtained, the
avoided crossings for large boxes are necessary.
This in turn requires using more basis functions
for the Hermitian calculations. Using extrapola-
tion to obtain parameters for the distant avoided
crossings (ηc ≫ 1) may help to meet this require-
ment in practical applications to quantum chem-
istry.
V. CONCLUSIONS
Hermitian (stabilization) methods for calculations
of resonances all boil down to manipulations with
the box size controlled by a “scaling” parameter
η. The result is represented by the stabilization
graph, which includes the energy spectrum as de-
pendent on the scaling parameter η. The poten-
tial energy curves near an energy of a quasi-bound
state include intervals of η where the energy is sta-
ble. The intervals of stability are interupted with
avoided crossings due to an interaction with the
quasi-free states of the “box”. Each of the avoided
crossings corresponds to an exceptional point (EP)
in the complex plane of the box scaling parameter
η.
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FIG. 8. Complex resonance energy which has been
obtained using the diabatic Hamiltonian (Eq. 14) con-
structed from several EPs corresponding to the avoided
crossings in the stabilization graph for −1 < ηc < 1.
The diabatic Hamiltonian has been complex scaled by
using η = iθ, (blue ’+’). As a benchmark, the result
from the usual complex scaling method is plotted (red
’×’). The insets show the difference between the ap-
proximate and benchmark calculations.
I suggest that the EPs can be interpreted as
marking a transition between two qualitatively
different descriptions of the problem, where on
one side the resonance and the quasi-continuum
are coupled (which is reflected in the presense of
the avoided crossings), while on the other side
of the EP, the resonance state is decoupled from
the quasi-continuum (the potential energy curves
of the resonance and quasi-continuum cross each
other).
I suggest a new method to calculate the complex
resonance energy from the stabilization graph. I
start from the fact that the resonance energy is sta-
bilized deep in the complex plane of η. In this area,
energies of the states of the quasi-continuum are
characterized by a large imaginary part, in other
words, the quasi-continuum states have large en-
ergy widths and therefore many such states over-
lap near the position of the resonance. All these
states must be included in a diabatic basis set for
the resonance. The proposed diabatic Hamilto-
nian is constructed using the information which
7is obtained from multiple avoided crossings. Each
crossing brings in another quasi-continuum state.
The diabatic Hamiltonian, which is constructed,
is parametrized by the scaling parameter η. Di-
agonalization of such a Hamiltonian leads to the
complex energy spectrum which is directly compa-
rable with the result of the usual complex scaling
method.
A very simple and physically justified shape of
the diabatic quasi-continuum potential curves is
used to obtain the analytical dependence of the
Hamiltonian on the scaling parameter η. This is
in contrast with available stabilization methods,
which are based on a numerical extrapolation from
a small interval of η on the stabilization graph us-
ing the Pade´ approximants. The use of Pade´ ap-
proximants particularly does not need to have a
physical basis since they are required to merely
simulate the long range analytical behavior of the
energy surface in the complex plane of η.
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